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PEANO ARITHMETIC AND HYPER-RAMSEY LOGIC
JAMES H. SCHMERL!

ABSTRACT. It is known that PA(Q?), Peano arithmetic in a language with the
Ramsey quantifier, is complete and compact and that its first-order consequences
are the same as those of IT}-CA,. A logic #%,, called hyper-Ramsey logic, is
defined; it is the union of an increasing sequence #'%, C #p, C H# R, C --- of
sublogics, and #’#, contains L(Q?). It is proved that PA(J#%,,), which is Peano
arithmetic in the context of #%,, has the same first-order consequences as

[1!-CA,,. A by-product and ingredient of the proof is, for example, the existence of a
model of CA having the form (A", Class(A4")).

The extension of first-order Peano arithmetic (PA) by its augmentation with
Ramsey quantifiers was suggested by Macintyre [4] in reaction to the finite combina-
torial incompletenesses of the Paris-Kirby-Harrington type. His intention was to
give the Ramsey quantifiers a “Cantorian” interpretation: if 4" is a model of PA,
then /& Q"x,x, - -+ x,¢(x;, X,,...,x,) iff there is an unbounded X C N such
that 4= ¢(ay, a,,...,a,) for all distinct a;, a,,...,a, € X. Macintyre refers to
the theory Ind, which is essentially PA together with the induction scheme for all
Ramsey formulas in the language of PA. The theory PA(Q?), which consists of
those sentences of Ind involving just the 2-place Ramsey quantifier Q2, was precisely
axiomatized in [8]. Both the model-theoretic and proof-theoretic properties of
PA(Q?) have been well analyzed in the two papers [4 and 8], with which the reader
should have some familiarity. It was stated in [8] that PA(Q?) and Ind are
“essentially equivalent.” If §3 we discuss the relationship between PA(Q?) and Ind,
and also the role in Peano arithmetic of other quantifiers of the Ramsey type.

Even though it is a theory in an extended first-order logic, PA(Q?) is naturally a
fragment of second-order arithmetic with the formula Q%xx’ ¢(x, x’) being an
abbreviation for

AX[Vydz(z>y AzE X)AVxx' € X(x # x' = ¢(x,x))].

In this way, two-sorted structures of the form (A, Z), where Z C #(N), the power
set of N, are appropriate for Ramsey logic, with strong models becoming identified
with the full second-order structures (A", #(N)). Macintyre suggests in §5.6 of [4]
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that: “It would be interesting to find other fragments of second-order arithmetic
with nonstandard models in the intended (Cantorian) semantics.”

In this paper we respond to Macintyre’s suggestion, obtaining other quite natural
fragments of second-order arithmetic, by considering what we call hyper-Ramsey
logic. Although its syntax is second-order, hyper-Ramsey logic is best thought of as
an extended first-order logic. Peano arithmetic, in the context of hyper-Ramsey
logic, is denoted by PA(J#Z ). It will be seen that PA(J¢Z,) corresponds to the
full comprehension scheme in the same way that PA(Q?) corresponds to I11-CA,,.
In fact, sharper results are obtained by showing that PA(J#% ) is the union of an
increasing sequence (PA(J#°%,): n < w) of subtheories, each PA(#%,) roughly
corresponding to I1'-CA , and PA(#%,) having PA(Q?) as a subtheory.

The contents of this paper are outlined as follows. A review of some second-order
theories of arithmetic is presented in §1. That section concludes with Theorem 1.5 in
which it is shown that in the models (A", &) of some rather weak second-order
theories of arithmetic, a modification of the ramified analytical hierarchy can be
used to obtain models (A", ), with &' C %, of apparently stronger theories. In §2
we give some new results, which should be of independent interest, on the model
theory of second-order theories of arithmetic. The objects studied in this section are
natural models; these are structures of the form (A", Z°), where Z is the collection
of all classes of A”. In §3 we discuss Peano arithmetic with other quantifiers of the
Ramsey type, most notably Q''!. We show that although PA(Q'"') and PA(Q?) have
the same first-order consequences, there are models of PA(Q!!) which are not
models of PA(Q?). Hyper-Ramsey logic is finally introduced in §4, and Peano
arithmetic for this logic, PA(J#Z,), is defined. Then in §5 the construction of
models of PA(#Z,) is presented.

The results of this paper were announced in [9]. A large amount of credit is due
Matt Kaufmann who turned a vague idea into the proof of Lemma 5.2. We are
greatly indebted to him for this proof and also for many illuminating discussions on
the subject of this paper.

1. Second-order arithmetic. The first part of this section is concerned with a review
of some second-order theories which are subtheories of true second-order arithmetic.
Structures appropriate for such theories have the form (A", &), where /&= PA and
ZC P(N). These structures are two-sorted structures with first-order variables
(written in lower case) referring to elements of N and second-order variables (written
in upper case) referring to elements of .

In the second part of this section, consisting of Theorem 1.5 and its proof, we
show that if (A", %) is a model of what we call A}-CA, (which is a sort of
parameter-free version of II'-CA ), then, by a modification of the construction of
the ramified analytical hierarchy, there exists 2’ C & such that (4", Z") &= II}-CA .

We begin with some syntax. As usual, we let IT{ = =} be the class of arithmetic
formulas; these are formulas having no second-order quantifiers. Then for n < w we
inductively define [T}, , and =!, ,: a formula ¢ is in IT}, , iff it is of the form V Xy,

n+1

where ¢ € 2! and itisin 2!, iff it is of the form 3Xy, where ¢ € II},. Often, we
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shall say a formula is in IT} or =! when it is only equivalent to one in II} or =!. In

particular, we will assume that £, U IT, ¢ =1, N I}, ..

We will make use of some standard pairing function x, y = {x, y), and then let
(X)), ={y:{x,y) € X}. Wewillalsolet (X,Y) = Z, where (Z), = X, (Z), =Y,
and (Z).= & forz > 2.

The following are the basic axioms and axiom schemes of second-order arithmetic.

Induction axiom (IA): VX[0 € X AVx(x € X > x+ 1 € X) —» Vx(x € X)].

[1!-comprehension scheme: IXVx(x € X © ¢(x)), where ¢(x) is IT%.

A' -comprehension scheme: Vx(¢(x) © ¢(x)) = IXVx(x € X © ¢(x)), where
both ¢(x) and y(x) are IT!.

3!, -choice scheme: Vx3X¢(x, X) > IXVxe(x,(X),), where ¢(x, X)is I},

3!, ;-collection scheme: Vx3X¢(x, X) = IXVxIy¢p(x,(X),), where ¢(x, X) is
IT. '

In the four schemes above, the IT! formulas ¢ and ¥ may have undisplayed first-
and second-order variables. The IT}-comprehension scheme is also called the arith-
metic comprehension scheme.

The basic theories, which are all subtheories of true second-order arithmetic, are

the following ones:

ACA, = PA + IA + the arithmetic comprehension scheme;
1!, ,-CA, = ACA, + the [T}, -comprehension scheme;
A, ,-CA, = ACA, + the A, , ,-comprehension scheme;
3!, ,-AC, = ACA, + the Z! | -choice scheme;

3!, ,-Coll = ACA + the S, |-collection scheme.

n+1

For convenience we let IT}-CA, = ={-AC, = =}-Coll = ACA,. We also let CA
=I!'-CA,=U,  II}-CAjand AC = Z1-AC, = U, ., ZL-AC,.
The following standard lemma is well known and easily proved.

LEMMA 1.1. Suppose (N, Z)E ACA, and n < w. Then

N E)ESL, -AC, = (¥, Z) E I, -Coll = (A, &) E II'-CA,
0 n

n+1

and

(N, Z)E N, -CAy+ 3L, -Coll = (N, %) = S, -AC,.

n+1

We will make use of another hierarchy of formulas.

DEerINITION 1.2. For a second-order formula ¢, its level A(¢) is the number of
distinct quantified second-order variables occurring in ¢.

For example, if ¢ is II%, then A(¢) < n. Boolean combinations of formulas of
level n have level n (provided, of course, that the quantified second-order variables
in the constituent formulas are replaced by variables from some fixed pool of n
variables). If A(¢) < n, then Ix¢ and Vx¢ both have level at most n. There is a
certain type of nesting that can be done with formuias preserving their levels. Let ¢
and ¢ be formulas such that A(¢), A(Y) < n, with X a free variable of ¢ and x a
free variable of . Then the formula VX[Vx(x € X © {¥(x)) = ¢] is equivalent to a
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formula of level n which is derived from ¢ by replacing each occurrence of an
atomic formula u € X by ¢(u).

Let Al be the set of formulas ¢ such that A(¢) < n. The following less familiar
scheme will be useful in this paper.

A -comprehension scheme: 3XVx(x € X & ¢(x)), where ¢(x) is a formula in
A, with no free second-order variables.

In a structure (A", Z) we say that a set A € & is A -definable if it is definable by
means of a A!, formula with no second-order parameters. Even though no second-
order parameters are allowed in the A’ -comprehension scheme, nothing is gained by
allowing parameters which are themselves Al -definable.

There is a theory corresponding to the Al -comprehension scheme:

A -CA, = ACA + the A' -comprehension scheme.
The following lemma is easily proved by syntactic manipulations of formulas in A’

LemMa 13. If n<w and (N, Z)ETII,, -CAy + ZL-Coll, then (¥, Z)E
Aln+l-CA0'

The following well-known theorem is proved by constructing the ramified
analaytical hierarchy inside the model (A", Z).

THEOREM 1.4. Suppose n < w and (N, X)) & 11}-CA . Then there is X' C & such
that (¥, &) & T1L-CA, + Z-AC,,.

By a modification of the proof of Theorem 1.4 we will prove the following
theorem which will be applied in §4.

THEOREM 1.5. Suppose n < w and (N, Z) = N -CA . Then there is X' C & such
that (N, &) = T11-CA, + 2-AC,.

PROOF. In the case that n = 0 justlet &' = % If n = 1, then let 2" be the set of
those X € & which are A'-definable. Then (A", %) is a (reduced) model of
IT}-CA, (see [8]), and thus also a model of ={-AC,. Assume from now on that
nz 2.

We begin by sketching the development of the ramified analytical hierarchy in a
way suitable for our purpose. The following definitions are made in the structure
(N, X).

A well-ordered set W is a pair (D, R), where R well-orders D. We set (W) = D
and write x <,y in case (x,y) € R. If b€ 2(W), then W|b = (D(W |b),
R N (2(W |b) X 2(W |b))), where (W |b) = {x € D(W): x <, b}. The terms
W-minimal, W-successor, W-limit point, etc., have their obvious meanings. If W and
IV are well-ordered sets, then we write W < IV when W is isomorphic to an initial
segment of V, and W = V when both W <V and V < W. If either W < V or
V < W, then W and V are comparable. Note that it is possible for there to be
incomparable well-ordered sets.
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Let ®(x, y, z, Z) be an arithmetic formula (with all of its free variables displayed)
having the following two properties:

(1) If ¢( X, x) is a IT} formula (which may have first-order parameters from N),
and if A € & and a, b € N, then

(&, {(A):ieN})E(A4)y,a) iff (&, Z)E ®(a, 9", b, A).
(2) Suppose 4, B % and a, b € N are such that {(4);: i€ N} = {(B):
i € N}and(4),= (B),. Then
(A&, A, B)EVxy[®(x, y,a,4) o ®(x, y,b, B)].
Then define the operator j by

HZ)={{(y.2),x): ®(x,y,2,Z)}.
This operator is well defined since (A", &) = ACA,,.

Next we will iterate the operator j along a well-ordered set W to obtain @*). If
QW)= &, then M) = &; so0 assume (W) # &. For a € 2(W) inductively
define J(a) as follows:

@ if a is W-minimal;

J(a) = {Jj(J(b)) if ais the W-successor of b;

{((x,y),2): x <, aand(y,z) € J(x)} if aisa W-limit point.

If W has a maximal element a, then set @) = j(J(a)); otherwise let ") =
{({{x,y),z): x € D(W)and (y, z) € J(x)}.

It is not necessary that @"? exist; however, if it does, then it is unique. This leads
us to the notion of a proper well-ordered set.

A well-ordered set W is proper provided that the following two conditions are
satisfied:

@) exists; for each a € 9(W) there is some b€ N such that W|a =
(J(2H1)),.

If W is a proper well-ordered set, then let Z&Z (W) = (™), xe N} If V
and W are proper well-ordered sets, then V < W iff 2/ (V) C AL (W). Also,
notice that any two proper well-ordered sets are comparable.

We now define 2.2, the collection of sets in the ramified analytical hierarchy, as

U {2« (W): W is a proper well-ordered set} .

The collection 2 is definable by a £}, formula.

If #c %, then we will identify & with the structure (#",%). If ¥, Cc ¥, C ¥
and m < w, then we will write %, <, %, if whenever o is a ! sentence with
parameters from N and %, then %, & ¢ iff %, & 0.

There is a Al “well-ordering” of £ which is absolute in the following sense. Let
us say that £C £« is an initial segment of #=/ if whenever W is a proper
well-ordered set and £FN AL (W) + D, then £ D R/ (W). In particular, if Wisa
proper well-ordered set, then 2.%7(W) is an initial segment. Now let 8( X, Y) be the
A',“formula” defining < g4,. Then for any initial segment £ with 4, B € .#,

X=0(A,B) iff F=6(A,B).
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If W <V are proper well-ordered sets, then #2/(V) is an end-extension of
R/ (W) in that whenever A € Z/(W)and B € R4 (V) — RL (W), then 4 < 4,
B. It will then follow that if .# is an initial segment of Z7, i < n, and J & I1}-CA,
then £ Z1-AC,.

The *“well-orderedness” of <, , permits us to define ordinals. An ordinal is a
proper well-ordered set W in £/ such that whenever V is a well-ordered set in 2./
such that W = V, then W < 4, V. We will say that a well-ordered set W has an
ordinal if W = V for some ordinal V. It can be proved by induction on proper
well-ordered sets that every proper well-ordered set has a unique ordinal.

We now present the definition of <. If X, Y € #4, then X <, Y iff one
of the following three conditions holds:

(1) There is a proper well-ordered set W such that X € Z«/(W)and Y & 2 (W).

(2) There is a proper well-ordered set W, such that X, Y & #%/(W,) yet for any
well-ordered set W > W,, X,Y € #/(W). Furthermore, the least y, such that
X={xe N (N Z)E O(x,y,z, 2")} for some z, is less than the least y,
such that Y = {x € N: (N, ) E O(x, y,, z,, 7))} for some z,.

(3) There is W, as in (2), and for y, and y, defined in (2), y, = y,. Let
"¢( X, x)" = y,.Then the < 4 - least B, € 2« (W,) such that {x € N: 2« (W,) =
o(B;, x)} 1s < 4, the < g -least B, € A/ (W) such that Y = {x € N: 2L (W)
E ¢(B,, x)}.

We will first investigate what happens if there is a Al -definable well-ordered set
having no ordinal.

LEMMA 1.5.1. Suppose there is a Al -definable well-ordered set having no ordinal.
Then s/ = 11!-CA,,.

PROOF. Let W, be a minimal A!-definable well-ordered set having no ordinal.
Such a set exists, and R/ = R/ (W,). Clearly, B/ (W,) = I15-CA . We will prove
by induction on i < n that 2%/ (W,) E I1}, -CA, so suppose that 2.7 (W,) &= I1}-
CA,.

Let A € AL (W,) and let ¢(x,Y, A) be a II! formula. We claim there is an
ordinal W € #/(W,) such that

(%) RA(W,) EVx[AYd(x,Y, A) > Y € Rt (W) p(x, Y, A)].
For, if not, let ¢(x, A, W) be the formula
“W is an ordinal” A 3Y € 2 (W )¢(x,Y, A)
AVw € @(W)-3Y € Rt (W |w)o(x,Y, A).
Now define D, and R by
(x,w) € Dy & Rk (W) EIW(Y(x, A, W) AweED(W))
and

(X WYRWx' W'y & Rt (W) E AW [Y(x, A, W) A (x,w) € Dy A (x',w') € D,

Ax<x' V(x=x"Aw<, w).
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These definitions are A!, so the well-ordered set V, = (D,, R,) exists and is
A -definable. Clearly, W, < V, and V, € j(¢*?)). This contradicts the defining
property of W, so there exists W € 2./ (W,) satisfying (*).

By the inductive hypothesis, there is B € #Z%7(W;) such that

R (W,) =EVx(x € Bo Y € R (W )o(x,Y, A)),
and then for this same set B,
R (W) EVx(x € B o AYp(x,Y, 4)). O

We will assume for the remainder of this proof that every A' -definable well-ordered
set has an ordinal.

LEMMA 1.5.2. Suppose V is a A\ -definable well-ordered set. Then there is a least
ordinal W € RL such that RAL (V) C AL (W) <, &.

PRrROOF. The proof of the lemma is in several steps which we now sketch.

The first step is to prove: If ¢(V,Y) is arithmetic and Z'= 3Y¢(V,Y), then
R = AYH(V,Y). Assume = IYo(V,Y). By the Kleene Normal Form Theorem
(which is provable in ACA , and hence holds in both & and 2% (see [8])) there is a
tree T which is arithmetic in V such that its set of branches is recursively isomorphic
to the set of witnesses of ¢(V,Y). Since ZE= IYp(V,Y), then Z=“T is not
well-founded”. There is a well-ordered set H (unique up to =), a subset T, C T,
and a function R: T, » 9(H) such that R is onto, for each x € T, R(x) = a iff x
is a minimal element of the subset {t € T: R(t) <y a}, and T — T, has no
minimal elements. Then H is A',-definable, hence is in #.«. Clearly, then T — T, is
also in 2%, and so a branch of T is also in 2.

The second step is to prove: If ¢(x, Y, V) is arithmetic, then there is an ordinal
W € #/ such that

RALENXx(AYP(x,Y, V) > IY € A (W) o(x,Y,V))
AVy € 9(W)3Ax(AY9(x,Y,V)-AY € 2 (W | y)(x,Y,V)).
The proof of this is just like the proof of Lemma 1.5.1.
The third step is to complete the proof of the lemma. Let ¢(X,Y) be a complete

I1? formula. We will show that there is a least ordinal W € £« such that
RA (V) C R (W) and

RAE=NVNX € RA(W)[IYS(X,Y) > Y € Rt (W) (X,Y)].

We can suppose V € #«, and that W = V does not work. Let us suppose there is
no such ordinal W. Consider the formula ¢(u, V, Z):

Vz < u((Z), is an ordinal)
AV ERA(Z)) ANVz2E€D((Z))V & R ((Z)]2)
AVzw(z<wsu->VXeRA((Z),)

x(3Ye(X,Y) » 3Y € 22((Z)..)$(X,Y))
AVy € 2((2).)3X € 22((Z).)
X(3Y$(X,Y) A -3Y € B ((Z),,17)$(X,Y))).
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Define a set J by u € J & 3Zy(u,V, Z). The set J exists since it is Al -definable,
so by the second step of this proof, J = N. Now define D, and R, by

(u,w) € Dy o AZ[Y(u,V,Z) Awe 2((Z),)]
and
{u,wYR(u',w'y & (u,w) € D A {u',w") € D,
/\[u <u \/(u =u A EIZ‘,D((u,V,Z) AW < z, w’))].

Then W, = (D,, R,) is a well-ordered set which is A'-definable. Thus, W, has an
ordinal W € 7, and W has the desired properties. O

We are going to define initial segments ., 2 A, 2 -+ 2 R, of R/ We
define #4,, where 2, = (AL (W ): R (W) <, & }. If W is an ordinal such
that 2L (W) <, Z, then 2L (W) <, #,. By Lemma 1.5.2 there is an ordinal
W such that 2/ (W) <, Z. Furthermore, there is no largest such ordinal, for if
there were it would have to be A, -definable. Therefore, the following statement (1.i)
for i = 11s true:

(1.i) There are arbitrarily large ordinals W € £, such that ZL (W) <, #HL.

For1 < i < n — 2, wedefine

Rty =\U{( Rt (W): Rt (W) <, RS},

1

and we define
Rt =\J{ Rt (W),): k < w0},

where W, is the kth ordinal in #«/,_, such that Z/(W)) <, AL, _,.

Consider the following two statements:

(2.i) 2, = T1}-CA,,.

(3.i) If V is a Al-definable well-ordered set, then there is a least ordinal
W e R, such that 2L (V) C RA (W) <, RHA,.

Our goal is to prove (2.n). Our strategy for doing this is to prove the chain of
implications

11)=(21)=B1)=(12)= --- = (1.n) = (2.n).
LEMMA 1.5.3. For1 < i < n, (L.i) = (2.0).
ProoFr. Consider some H} formula ¢(x, A), where 4 € 7. Let W € #, be
an ordinal such that 4 € ZL (W) <, AHL..

The formula “? (W) E ¢(x, A)” is arithmetic in the parameters @) and A4,
so that there is B € £/, such that foreach b€ N, b € B & ZZ (W) E ¢(b, A).

1

But then b € B & #«, = ¢(b, A), so that 2/, E IXVx(x € X © ¢(x,A)). O
LEMMA 1.5.4. For1 < i <n, (2.i) = (3.i).
The proof of this lemma is much like the proof of Lemma 1.5.2, and we omit it.

LEMMA 1.55. Forl1 <i<n,(3.i)= (1.i + 1).

PROOF. There are two cases to consider, depending on whether i <n — 2 or
i=n-—1
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First, suppose i < n — 2. We just need to show that there is no largest ordinal
W e R, such that R (W) <, #«,. By noticing that #7; is definable by a
3!, formula, we can check that if W is such a largest ordinal, then W is
A, -definable. This contradicts (3.i).

Next, suppose i = n — 1. Again, using that #%/,_, is definable by a =} formula
we can check by induction on k < w that W,, the kth ordinal W such that

RA(W) <, RA,_,,is N -definable, so that the ordinal W, | exists. OO

2. Natural models. This section is concerned exclusively with some model theory of
the familiar subtheories of true second-order arithmetic. When considering an
extension (A", ") of a model (A", ') of some second-order theory, we leave as
tacitly understood the existence of an injection e: & — Z’. We will conventionally
let A" = e(A) for each A € &, and if ¢ is a formula in which parameters from
(AN, &) occur, then ¢’ will be the formula obtained from ¢ by replacing each
parameter A € & by A’

DEFINITION 2.1. Suppose n < w and (A", Z’) is an extension of (A, ). Then
(AN, ") is a Z!-extension of (A, &) (in symbols: (A, Z) <, (N, X)) if, for
every Z!-sentence ¢ in which parameters from both 4" and Z are permitted,

(N, Z)eo iff (N, Z)E.

DEFINITION 2.2. If (A", &) <o(A"', &), then the extension is exclusive if for each
B € ¥’ thereare A € & and a € A" such that (#/", )= B = (A4'),.

Let .# be an unspecified countable language extending the language of PA. We
let PA* be the first-order £theory which extends PA and contains all instances of
the induction axioms for formulas in . Now suppose A= PA*. We let Def(A4")
be the set of all parametrically definable subsets of A4". A subset X C N is a class if
foreach a € N, {x € X: x < a} € Def(#"). We let Class(#") denote the set of all
classes of A".

Rather classless models 4" of PA* have played an important role in the (first-order)
model theory of models of PA*. Recall (from [1 and 7]) that A" is rather classless if
Class(A") = Def(A"). The next definition is a sort of extension of this notion to
models of ACA .

DEFINITION 2.3. Let (A, ) = ACA . Then (A, &) is natural iff & = Class(A").

In particular, notice that A" is rather classless iff (A", Def(.4")) is natural. Any
nonstandard natural model has uncountable cofinality. More generally, we have the
following necessary and sufficient condition for 4" to be natural. For any model A~
and X € Class(4"), we say that the length of X is the unique initial segment / C N
(which may be equal to N) such that for some F € Class(A"), {{(f)o: (f)1):
f € F} is an order-preserving bijection from X onto I. We say that X is long
provided its length is N.

PRrOPOSITION 2.4. (A7, Class(A")) & ACA | iff every unbounded class of N is long.

PrROOF. Suppose (A", Class(A#")) = ACA,, and let X € Class(/") be un-
bounded. Then the length of X is definable in (4", X) and, having no maximal
element, must be N.
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Conversely, suppose every unbounded class is long. We need only show that for
every A € Class(4") and every A, formula ©(4, x, y), that X = {a € N: #'&
3y6(A,a, y)} is a class. Suppose X is not a class. Then there is b € N such that
B={a€ X: a<b}isnotaclass. Foreachce N let B.= {a€ B: /=3y <
cf(A,a, y)}. Let C= {c € N: B.# B,,,}. Then C is a class since for each d € C
there is m € N such thatif 4, = {x € 4: x < m}, then

NEVXVz <d[y <z20(A,x,y) o 3y <z20(4,,x,y)].

Also, by considering the function F: C - N where F(c) = min(B,,, — B,), we see
that the length of C is a subset of B, a contradiction. O

We say that a linearly ordered set (A, <) has strict cofinality « if it has cofinality
k and it has no subset of cardinality ¥ which either is well-ordered and bounded or is
inversely well-ordered. If for some regular «, (A4, <) has strict cofinality k, then we
say that (A, <) has strict cofinality. Notice that any (A4, <) which is k-like for some
regular « has strict cofinality. Also notice that if a model 4" has strict cofinality,
then every unbounded class is long, so that by Proposition 2.4, (A", Class (A")) &
ACA,.

Nonstandard natural models of II}-CA, were constructed in [8]; it was asked
there if nonstandard natural models of larger fragments of true second-order
arithmetic, such as AIZ-CA0 or even CA + AC, exist. These questions have affirma-
tive answers; the next theorem is the key to constructing such models.

THEOREM 2.5. Suppose that n < w, (N, X)) <o(N', Z') exclusively, and (N, %)
= S-Coll. Then (N, Z) <, (N, ).

PrOOF. First we show that (A", &) <, (A", Z'). Suppose (N, Z") E IX¢'( X),
where ¢(X) is a ITj-formula, possibly involving some parameters from (A", Z).
Then there are 4 € ¥ and a € N’ such that (A", %) = ¢'((A"),). Thus, (&7, Z")
E 3x¢'((A'),), so that (A, Z) = Ax$((A),). But then (A, Z) E IX(X).

We now proceed by induction on n, so we assume that n > 1 and (A", ) <,
(A, Z’). Suppose (A, ) = IXVYP'(X,Y), where ¢(X,Y) is =} _,. Then there
is 4 € Z such that

(%) (W7, &) = IxVYP((A),,Y).

We claim that (A, ¥) E IxVY¢((4),,Y). If not, then (A, Z)E
Vx3Y—-¢((4),,Y), so that by Si-Coll, (A, &) = IYVx3y—((4),.(Y),). Thus,
there is B € & such that (A, ) E Vx3y—¢((4),,(B),). Since S!.Coll implies
I} ,-CA, (Lemma 1.1) there is C € & such that (A", Z)E Vxp((x,y) € C &
—¢((A),,(B),)). This last sentence is IT}, so that by the inductive hypothesis,

(N, Z) EVxp({x, p) € C" & ~¢/((4) . (B),)).

Also, (W', ") = Vx3Iy({x, y) € C’). Therefore, (W', Z') E
Vx3y-¢'((4),,(B"),), and this implies (A", Z")F Vx3Y-¢'((4),,Y), con-
tradicting (*). This proves the claim, so that, in particular, (A", ') E 3XVYo(X,Y).

a
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The previous theorem has a couple of interesting refinements, which are the
following two theorems.

THEOREM 2.6. Suppose that n < w, (N, X) <o(N"', X') exclusively, and (N, &)
E =!-Coll + II'-CA . Then (¥, Z") E T1}-CA,,.

PROOF. Since IT}-CA , is just ACA ,, we know that (A", &) E T1}-CA ;. We now
proceed by induction on 7, so we assume that n > 1 and (A", Z") = I} _-CA,,
intending to show (A", ")  T11-CA . Suppose ¢(x, Y) is II.. We want to show:

(N, ) EVYIXVx(x € X & ¢/'(x,Y)).
Since the extension is exclusive, it suffices to show that for every4 € &
(N, Z') EVyIXVx(x € X o ¢'(x,(4),)).
Using that (4, Z) = [11-CA,, we can find B € & such that
(A, %) = Yxy({x, y) € B o ¢(x,(4),)).
This sentence is I1! , |, so applying Theorem 2.5,
(N, ) EVYxy((x,y) € B o ¢/(x,(4),)).
By arithmetic comprehension,
(A, Z)EVyIXVx(x € X & (x,y) €B’),
so that (A7, Z) E VyIXVx(x € X © ¢'(x,(4'),)). O
THEOREM 2.7. Suppose that n < w, (N, X)) <(N', X") exclusively, and (N, Z)
E 2L, -AC, + ITY, -CA . Then (N, Z") = 2}, -AC, + I1}, -CA,,.
PrROOF. From Theorem 2.6 we know that (4", 2") = 11}, ,-CA . Thus, we want
to show that for every [T}, formula ¢(x, X,Y),
(N, Z)EVY[VxIXe'(x, X,Y) > 3XVxe'(x,(X),,Y)].
Because the extension is exclusive, we need only show that for every 4 € &,
(*) (A, Z) EVy[vxIXe'(x, X,(4),) = IXVx¢'(x,(X),,(4),)].
Since (A4, Z") = I1!, -CA,, there are B, C € & such that
(N, Z)EVy[y e BoIXVx(x,(X),(4),)],
and
(N, Z) EVxy[(x,y) € Co IX¢(x, X,(4),)].
Therefore,
(N, Z)EVy[Vx(x,y) e C—>yeB]
These last three sentences are each I1} , , so by Theorem 2.5 they hold in (A, ).
Therefore, () holds. O
We next give the basic method for constructing rather classless models. For
models /"< A/ = PA*, we say that . is a conservative extension of A" if whenever
A € Class(A# ), then A N N € Def(A4"). All conservative extensions are end exten-
sions. The relevant form of the theorem of MacDowell and Specker [3] asserts that
every model of PA* has a proper, conservative extension.
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LEMMA 2.8 (Theorem 1.5 of [6] and Lemma 3.1 of [7]). Let a be an ordinal such
that cf(a) > 8. Suppose that (N,: v < a) is a continuous chain of conservative
extensions of models of PA*. Then N, is rather classless.

We can now obtain, for example, the following corollary.

COROLLARY 2.9. Suppose T is a complete, consistent extension of CA + AC. Then
for each k > N there is a natural model (N, ) of T of cardinality k. Furthermore,
if cf(k) > N, then A can be chosen to be k-like.

PROOF. Let a = « if cf(x) > N; otherwise, let a = k - w,. Let (A}, %) be a
countable model of T. Let £, = {4, 4, 4,, ...}, and let A, = (A}, Ay, Ay,-..)
be a model of PA*. Using the MacDowell-Specker theorem, let {(#,: » < a) be a
continuous chain of conservative extensions, with |M,, ;| =|M,|. Now let &=
Def(#,), so that (A, Z) is an exclusive extension of (A, Z;,). By Lemma 2.8,
Z = Class(A,) so (M ,, &) is natural. Furthermore, by Theorem 2.5, (A, %) = T.
Clearly |M_| = «, and #, is k-like if cf(x) > 8,. O

We end this section by giving a model-theoretic proof of a result of Sieg [10] which
says that =!,,-AC, is conservative over I1.-CA, + =1-AC, for II},, sentences.
(This theorem will not be used in this paper, but we include it because of its close
connection to results of this section.)

THEOREM 2.10. Suppose (N, ) E I11-CA ) + =1-Coll, where n < w. Then there
exists (N, Z") = 2L -AC, such that (N, ) <, (N, ).

ProOF. Let (A, %)k II}-CA, + =!-Coll, and let = {4, i€ I}. Let
(N, A)); <, be a sufficiently saturated elementary extension of (A", 4,),<,, and
then let &’ = Def((A", A));c;) = {(A}),: x € N, i €I} so that (A, Z’) is an
exclusive extension of (A", %Z). By Theorem 2.5, (A, Z) <, (A, Z’) since
(N, Z) E ZL-Coll. We now claim: (A7, Z') & 2, -AC,.

To prove the claim, let ¢(x, X, Y) be a I1}, formula. We must show

(A7, X)) EVY[VxIXe'(x, X,Y) > IXVx¢'(x,(X),,Y)].
Since the extension is exclusive, it suffices to show that for each 4 € &,

(N, &) E Yy [vxIXe'(x, X, (4),) = 3IXVx¢'(x,(X),,(4),)].
Fix some a € N’ such that (#7, &') = Vx3X¢'(x, X, (A4"),). We will show that for
some Be %, (AN, %) = VxIz¢'(x,(B’),, (A"),). So, suppose not. Then for each
BeZ, (N, Z')E IxVz-¢'(x,(B"),, (4),). In fact, if By, B,,...,B,_, € Z,
then
(A, &) Ix A\ Vz-¢'(x,(B),.(4),)
i<k

as otherwise B = {(kz + i,w): (z,w) € B, and i < k } would provide a contradic-
tion. Since (A", Z) = [1:-CA, for each B € & there is Cy € Z such that (A", &)
E Vxpz((x, y,z) € Cp © =¢(x,(B).,(A),)). This sentence is IT} , ;, so

(N7, X) EVxpz({x, y,2) € Cp o —=¢'(x,(B).,(4),)).
Therefore, for each By, By,...,B,_, € %,

(47, Z) e Ax A\ Vz((x,a,2) € Cy ).

i<k
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By saturation, there is ¢ € N’ such that (#/", ') E Vz({c,a,z) € Cg) for each
B € &. Thus, (N, Z')E Vz-¢'(¢,(B"),,(A"),) for each B € &, so that (N, Z")
E VX-¢'(c, X,(A),), and then (A, ') E IxVX-¢'(x, X,(A4"),). This is a con-
tradiction. O

3. Ramsey logics. The quantifier Q2 is just one of an entire family of quantifiers of
the Ramsey type, which are defined in §4 of [S]. In this section we consider these
quantifiers in the context of Peano arithmetic, giving them the *“unbounded”
interpretation.

For a finite sequence s = (s, 5;, ..., S of positive integers, the Ramsey quanti-
fier Q° is an n-place quantifier, where n = s, + s; + - -+ +s,. The interpretation of
the quantifier Q° in models of PA is defined by adjoining the following clause to the
usual inductive definition of satisfaction for first-order formulas. If A4 is a model of
PA, then the sentence

s
Q%X 01> X020+ X050 X110 X125+ -2 X150+ » Xp s (X 1s o0 Xp )

holds in A" if there are unbounded subsets X;, Xi,..., X, € N such that whenever
Agys oas--+sAos, € XoyoosApyse-s g, € X, where a,,, a,5,...,a;, are dis-
tinct for i < k, then the sentence ¢(a,, ..., a, ;) holdsin A"

We will refer to the logic formed by adjoining all the quantifiers Q° to first-order
logic as Ramsey logic, and denote it by #. Let Z(Q°, Q,...) be the set of formulas
in # involving no Ramsey quantifiers other than Q°, Q°,.... If

(X, Yor V1s---» Ym-1) € R,

then the induction axiom corresponding to ¢(x, y) is the universal closure of the
formula

[6(0,7) A ¥x(o(x,7) = ¢(x + 1, 7))] = Vxo(x, 7),
which is also in #. Let PA(%) consist of the usual first-order axioms for PA
together with the set of induction axioms corresponding to formulas in £. (Actually
PA(Z) contains some other axioms corresponding to schemes (1)—(3) in §1 of [8],
but these axioms hold in any model of PA under the unbounded interpretation.) We
let PA(Q*, Q,...) be PA(Z) N ZL(Q* Q',...). Then the system Ind, introduced by
Macintyre [4], is just PA(QZ%, 03, 04,...).

It was stated, somewhat misleadingly, in the Introduction of [8] that the theories
Ind and PA(Q?) were “essentially equivalent.” This is true in that the models of
PA(Q?) constructed in [8] are also models of Ind. All the theorems in [8] about
PA(Q?) extend in a completely straightforward manner to theorems about Ind.
However, it is unknown whether there are models of PA(Q?) which are not models
of PA(Q?) or even of Ind. In fact, it is not even known whether there are models of
PA(Q?) which are not models of the seemingly much stronger theory PA(#%,).
(See Definition 4.3 and Question 6.2.)

There are many instances where a quantifier Q' can be eliminated in favor of
another quantifier Q°. This is the case when s = (54, 5,,...,5), t = (o, b1y Lp)s
and there is a function f: m + 1 — k + 1 such that for any i < k, X{¢;: f(j) =i}
< s;. We will show, as an example, how to eliminate Q'! in favor of Q2. Let
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o(i1) = Q"'x, yy(u, x, y). Then let ¢'(i) be the formula
0%xy[(x <y = (x)o < (x)1 < (¥)o) A ¥ (@,(x)o, (»)1)]-
Clearly, in any model 4" of PA, 4= Vu[d(u) < ¢'(u)].
An immediate consequence of the preceding paragraph is that every model of Ind
is a model of PA(Z).
We recall the following theorem of Macintyre [4].

THEOREM 3.1. If /"= PA(Q?), then A is x-like for some regular «.

Thus, if Q° is not a quantifier of the form Q!!!, then every model of PA(Q*) is
k-like for some regular k. Notice that the quantifier Q"' is the weakest of all
nontrivial Ramsey quantifiers. Nevertheless, PA(Q') is still a powerful theory as
Theorems 3.2 and 3.4 demonstrate.

THEOREM 3.2. If /= PA(Q'), then N has strict cofinality.

PROOF. Suppose there is a decreasing sequence of length «, the first element of the
sequence being a. Then the sentence y(a) holds in A", where {/(u) is the formula

Ql'lxy)’[x <y—=>((x)o<(y)oAuz(x) > (Y)l)]
Conversely, if ¢(b) holds in A", then there is a decreasing sequence of length «
whose first element is b. Clearly /"= —¢(0) and &&= Vu[-{y(u) = =¥ (u + 1)].
Since /= PA(Q'!), then &= Vu—y(u), contradicting AE ¢(a). O

COROLLARY 3.3. If /"= PA(Q"), then (A, Class(A")) = ACA,,.

PrOOF. Immediate from Proposition 2.4 and Theorem 3.2. O

The notion of a weak model, used in [8], is equally applicable to %. The following
theorem extends Lemma 3.2 of [8] from models of PA(Q?) to models of PA(Q'*).
The proof is essentially the same, so we omit it.

THEOREM 3.4. If (A", X ) = PA(Q™), then (A", X') = TI1-CA, for some ¥’ C .

The set &’ can be the set of those classes in 2 which are definable by means of
formulas in £(Q").

Our final goal in this section is to construct models of PA(Q'') which are not
models of PA(Q?). The construction is very similar to the one used in [8] to obtain
models of PA(Q?), but there is a new combinatorial ingredient to replace the
A-system lemma (Lemma 3.6 below) used in [8]. For a set 4 we will use the standard
notation [ 4]" to denote the set of all n-element subsets of A. If (4, <) is a linearly
ordered set, a € [4]", and i < n, then we let a’ be the ith element in increasing
order of a.

The following lemma is very easily proved in the same manner as the A-system
lemma is, for example, in [2]. The A-system lemma is an immediate consequence.

LEMMA 3.5. Let (A, <) be a linearly ordered set and « an infinite cardinal. Suppose
that 1 < n < w and that {a,: v < k) is a sequence from [ A]". Then there are b € A,
m < n, and an unbounded I C « such that:

(1) if ve Iandi < m, then a’ < b;

Q) ifp.vel.p<v,andm<i<n, thenb <a) ' <aj.
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LEMMA 3.6 (A-system lemma). Let (A, <) be a «k-like linearly ordered set, where k
is regular. Suppose that 1 < n < w and that {a,: v < k) is a sequence from [A]".
Then there are m < n and an unbounded I C « such that:

(1) ifp,vE€ Iandi < m, thena, = a,;

Q)ifp,vel,p<v,andm<i<n,thena]™' <a,.

Suppose (A, <) is a linearly ordered set, and let a, ¢ € [4]™ and b, d € [4]",
where m, n < w. We say that (a, b) has the same pattern as {c,d) if whenever
i<mand j<n,then a’ < b/iff ¢’ < d’.

LEMMA 3.7. Let (A, <) be a linearly ordered set having strict cofinality k. Suppose
(a,: v < k) and {b,: v < k) are sequences from [A]™ and [A]" respectively. Then
there are unbounded I, J C k such that whenever pn, p, € I and vy, v, € J, then
(a,.b, ) has the same pattern as {a,, b, ).

PROOF. We will prove the lemma by induction on m and n. Suppose m = n = 1.
Without the loss of much generality, we can assume that both sequences a and b are
one-to-one. Let P be the intersection of all initial segments X of A4 such that
{v <«k: a, € X}|=«. Let Q be the union of all initial segments Y of 4 such that
{v < «: b, & Y}|=«k. We consider several cases. If there is c € Q — P, then let
I'={v<xk:a,<c}and J={v <k b, >c}. If there is c € P — Q, then let
I={v<kia,>c)and J = {v <k b, <c}. Nowsuppose P = Q. Then |{» < k:
a, € P}| < k as otherwise ({a,: » < k} N P, <) would be «-like. Similarly |{» < «:
b & P} <«k.Thus,letI={v<kiag,&P}and J= {r<k: b € Q}.

Now suppose that n > 1. For v <« let ¢, = {b?} and d,=b, — c,. By the
inductive hypothesis, applied twice, there are unbounded I, J C k such that
whenever pg, p, € I and »,, v, € J, then (a,,c, ) and (a,,d, ) have the same
pattern as {a,,c, ) and (a,,d, ) respectively. But then (a,,b, ) has the same
patternas (a,,b, ). O

Let £ and PA* be as in §2. In §2 of [8] the «th iterated canonical end extension
of a model A" * of PA* is constructed to obtain models of PA(Q?). More generally,
for any linearly ordered set (I, <), the Ith iterated canonical end extension is
obtained as follows. There is a set {0, (v): m < w} of Zformulas which determines
a minimal type in any complete extension of PA*. In particular, each of the
following holds:

(3.A) PA* - Vw3v > wl, (v);

(3.B) PA* - Yu(8,,.,,(v) > 6,(0));

(3.C) for any formula (X, vy, vy,...,0,_) thereis m < w such that

PA* - VEBW[VF)(W <vy< o <v,_ AN, (v)— x,b()?,z?))

i<s

VVE(W<UO< <o AN Gm(vi)—>—|¢(f,5))].

i<s
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Moreover, suppose (I, <) is a linearly ordered set such that ] " N = & . Then there
is a conservative extension 4 * of A#* where # * is generated by N U I, I is an
ordered set of indiscernibles in M over N, and each a € I realizes {6,,(v): m < w}.
Furthermore, if J is an initial segment of I, then .# * is a conservative extension of
its submodel generated by J U N. We will refer to the model . * as the I'th iterated
canonical end extension of A" *, and use it to construct models of PA(Q“).

Let (A, Z) be a countable model of IIl-CA, Then let A'* =
(A, Xy, X1, X, ...), where = { X, X{,... ]}, so that /* is a model of PA*. Let
(I, <) be any linearly ordered set having strict cofinality k > ¥, such that |I| = A.
Let #* = (M,Y,,Y,,...)be the I'th iterated canonical end extension of A" *.

Notice that Lemma 4.8 implies that .# is rather classless, so from Theorem 2.6
(M, Class(A)) = I1}-CA,,.

We now claim: .# = PA(Q"!). We will prove this claim by induction on formulas,
showing that if ¢(x,, x,...,x,_;, 4) is a formula in £(Q"!) and 4 € Class(A"),
then {{a,, a,;,...,a,_,): # = ¢(a, A)} is a class. There is only one interesting step
in the induction, which reduces to proving the following: If A4 is a class, then
Z={a€ M: M= Q"x, y((x, y,a) € A)} is a class. Let unbounded subsets X,
Y C M be called witness sets for Q''x, y({x, y,a) € A) if M =EVx € XVyeE Y
({x, y,a) € A). We will show that if there are witness sets for Q''x, y({x, y, a) € 4),
then there are witness sets which are classes. Therefore, since (., Class(.#)) &= I1i-
CA ,, we will have that Z € Class(.#).

So, let X and Y be witness sets. By taking cofinal subsets of X and Y, if
necessary, there are terms 7,(xg,...,X,,_1)> T(Vo,---»V,—1) and sequences {a,:
v <A), (b: v<A) of elements of [I]™, [I]" respectively such that X =
(t(a%al,....,am ") v<k}) and Y = {n(b2,B,...,b""): v <«k}. Applying
Lemma 3.5 and then Lemma 3.7 we can assume that there are b € M and r < m,
s < n such that:

(1)if v <kandi < m,then a’ < biffi <r;

(2)if v < k and i < n, then b} < b iff i <,

(3) if py, my, vo, ¥ <k, then ({al,....a;""}, {(b),...,b] '}) has the same
pattern as ({a2,...,a;, '}, {b),.... B });

(4) {a,: v < X) and (b]: v < A) are cofinal in I.

Then there is a formula 6(v) of £*, possibly involving some parameters from M,
such that A#* E YuJo(u < v A §(v)),

*
MEENVU,, Uy Uy U, m—1

v, v [u,<u,+1<~~<u < v, < Vg4,
<...<U"_l/\0(ur)/\...
Aa(um—l)/\a(v_\')/\ e /\0(0"‘1)

0o 1 r—1
- <'rl(a0,ao,...,a0 ,u,,u,H,...,um_l),

0 1 -1
153, by BT, 0010,y ) ) € A,
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and

MEENU,, Uy 1 gy Uy [0, <O < e < U, < U, < U

m-—12"s
< e < U, 1 A H(u,) JANRE /\a(um—l)
AO(v) A - AB(v,_y)

0 -1
..><'rl(a0,...,a6 ,u,,...,um_l),
0 -1
'rz(bo,...,bf, ,vs,...,v,,_l),a>€A].

Let g(z) be a term denoting the zth element satisfying 8(v). Let k =m + n — (r +
s) and set

Xo={m(ad.ab.....,a;7", g(kz), g(kz +1),...,g(kz + m —r —1)): z € M}

and

Yo= {n(b0,85,.... b5  g(kz + m—r),...,
g(kz+m+n—r—s—1)):zEM}.

Clearly, X,, Y, € Class(#), and X, Y, are witness sets for Q*'x, y({(x, y,a) € A).

This completes the demonstration that .# is a model of PA(Q!"!). We remark that
it can be shown that .# is a model of PA(Q"!*1). In fact, we know of no model of
PA(Q"!) which is not a model of PA(Q"!) or even of PA(Q!!, Q!'!1,...). We also
remark that if the ordered set (I, <) occurring in the construction of .# is k-like for
some uncountable, regular k, then . is a model of PA(Q?). (See Questions 6.3 and
6.4.)

The above construction of models of PA(Q!"), together with Theorem 3.2, yields
several corollaries.

COROLLARY 3.8. For any infinite cardinal k, the following are equivalent:

(1) there is a model of PA(Q'') of cardinality «;

(2) k is not a singular, strong limit cardinal;

(3) there is a linearly ordered set (I, <) of cardinality k having strict cofinality.

PROOF. (1) = (3) by Theorem 3.2.

3)=(1). If k=8, let A be the standard model. If ¥« > N, use the above
construction of /.

(3) = (2). Let (I, <) have strict cofinality A. If x is a singular, strong limit
cardinal, then (2*)*< k. Therefore, for some a€ I, B={x € I: x <a) has
cardinality > (2*)*. From the Erdoés-Rado Theorem, there is a subset X C B of
cardinality A* which is either well-ordered or inversely well-ordered. This con-
tradicts (/, <) having strict cofinality.

(2) = (3). If « is regular, then let (I, <) be any «-like linear order. If « is singular
but not a strong limit cardinal, then there is A < k such that 2* > . It is well known
that there is a linearly ordered set (A4, <) such that |4]| = k and A has no subset of
cardinality A* which is well-ordered or inversely well-ordered. Suppose 4 has order
type a. Then let (I, <) be a linearly ordered set which has ordered type a - A*. O
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The next two corollaries are proved similarly. The first one of them shows that
there is a model of PA(Q'!) of cardinality ¥, which is not a model of PA(Q?).

COROLLARY 3.9. For any uncountable cardinal k, the following are equivalent:

(1) there is a model of PA(Q') of cardinality k which is not k-like (and, therefore,
not a model of PA(Q?));

(2) « is not a singular, strong limit cardinal and is not weakly compact;

(3) there is a linearly ordered set of cardinality k which is not k-like but which has
strict cofinality.

COROLLARY 3.10. For any infinite cardinal «, the following are equivalent:
(1) there is a x-like model of PA(Q');

(2) k < 2¢M;

(3) there is a k-like linearly ordered set having strict cofinality.

For a related open question, see Question 6.4.

4. Hyper-Ramsey logic. The intended interpretation of the quantifier Q" is
rendered by the following clause, which is added to the usual inductive definition of
satisfaction for first-order formulas to yield the definition of satisfaction for Ramsey
formulas. If A" is a model of PA, then the sentence Q"x;x, « -+ x,¢(x{, X5,..., X,
holds in A" iff there is an unbounded subset X C N such that for any distinct a;,
a,,...,a, € X, the sentence ¢(a,, a,,...,a,) holds in A". It is often more natural
and convenient (as, for example, in §4 of [8]) to give Q" the order interpretation in
which Q"x,x, - -+ x,¢(x, x,,..., x,) holds iff there is an unbounded X such that
for any increasing n-tuple a, < a, < --- < a, of elements from X, ¢(a,.a,,...,a,
holds in A". There is no significant difference between these two interpretations of
Q". The latter interpretation can be described in another manner which has the
advantage of suggesting the generalization of Ramsey logic which will subsequently
be presented. This description is best given in terms of second-order logic.

Some routine abbreviations will be useful. First, let QOx - - - be an abbreviation for
Vwix(x > w A ---). All the other abbreviations are given in terms of Q and are
indicated below, where the formula in the second column is abbreviated by the
corresponding entry in the first column.

O*x - - —Ox— -,
OxeX--- Ox(xeXA--),
O*xe€ X - O*x(xeX—-> ---),
E L g IX(OxxeX)A ),
VoX .- VX((Qxxe X)—> ---).
The formula Q"x;x, - -+ x,¢(x,, X,,...,X,), in the order interpretation, is now

easily seen to be equivalent to the formula

I®XQ*x, € X -+ Q*x, € Xo(x1, Xp,...,X,),
while its negation is equivalent to

VoX0x, € X -+ Ox, € X=¢(x1,x5,...,X,).
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Motivated in part by the syntactic form of these two second-order formulas, we
define a syntactic fragment of second-order logic, which we call hyper-Ramsey logic
and denote by % . Although hyper-Ramsey logic is a fragment of second-order
logic, the intention is for it to be regarded as an extended first-order logic in the
same way that Ramsey logic is a first-order logic.

DErFINITION 4.1. The set J## is the smallest set of second-order formulas
satisfying the following requirements:

(0) All first-order formulas are in 2.

(1) If ¢, and ¢, are in S’ X, then so are ¢; A ¢,, ¢; V ¢, =¢,, Ix$,, and Vxo,.

(2) If ¢ is in J#% and has no free second-order variables other than possibly X,
and all free occurrences of X in ¢ are positive, then Ox € X¢ is in H#°Z.

(2*) If ¢ is in SR and has no free second-order variables other than possibly X,
and all free occurrences of X in ¢ are negative, then Q*x € X¢ is in S Z.

(3) If ¢ is in SR and all free occurrences of X in ¢ are positive (and occur in the
form Ox € X), then V®X¢ is in ¥ Z.

(3*%) If ¢ is in X and all free occurrences of X in ¢ are negative (and occur in
the form Q*x € X), then 3°X¢ is in HFX.

Notice that (2*) and (3*) are superfluous in that Q*x € X¢ is equivalent to
—~0x € X—¢ and 3°X¢ is equivalent to -V *°X—¢. Dually, (2) and (3) may instead
by viewed as superfluous. The parenthetical phrases in (3) and (3*) are redundant.

Since it is intended that this logic be an extended first-order logic, we want to
single out those formulas of % which have no free second-order variables.

DEFINITION 4.2. Let J# %, be the set of formulas in /% which have no free
second-order variables. For each n < w let 5%, be the set of those formulas ¢ in
H' R, such that A(¢) < n. (See Definition 1.2.)

Notice that H#° R, is just the set of first-order formulas.

If &(X, Yoo Vise-+s Y1) EHF R, then the induction axiom corresponding to
¢(x, ) is the universal closure of the formula

¢(0,7) AVx[o(x,7) = ¢(x + 1, 7)] = Vxo(x, ),

which also is in #%,. More specifically if ¢ € #%,, then its corresponding
induction axiom is also in #°%,,.

DEFINITION 4.3. The system PA(5#°%,,), for n < w, consists of the usual first-order
axioms for PA together with the set of induction axioms corresponding to formulas
in #2R,.

Obviously, if m < n < w, then PA = PA(# %) C PA(K'Z,,) C PA(¥#'Z,) and
PA(H#R,) = U(PA(HX,): k < w}. The logic # %, is seen to extend logic with
the Ramsey quantifiers. The following lemma is easily proved by an induction on
formulas.

LEMMA 4.4. Let ¢(u) be a formula in the language of PA(Q?, Q3, Q%,...) (with the
order interpretation), and let ¢’ be the formula in ¥R, derived from ¢ by replacing
each occurrence of Q"x,x,x5 -+ - by 3®°XQ*x, € XQ*x, € X --- . Then ¢’ € # X,
and if "= PA, then /"= Vu(¢(u) & ¢'(4)). O
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COROLLARY 4.5. If A" is a model of PA(HR,), then N is a model of PA(Q?)
and, consequently, is k-like for some regular .

ProOF. This is immediate from Lemma 4.4 and Theorem 3.1. O
LEMMA 4.6. Ifn < w and (N, X)) E A -CA,, then (N, X)) E PA(KR,).

PROOF. Let ¢(x, 7) be a formula in PA(J#%,), and let b € N be such that
(N Z)E $(0,b) A Vx(p(x,b) = ¢(x + 1,b)). Since ¢(x, j) € AL, there is 4 €
Z such that Vx(x € 4 © ¢(x, b)). It follows from A being a class that 4 = N.
Hence, (A", &) &= Vxé(x, b), thereby proving the induction axiom corresponding to

o(x,y). O

COROLLARY 4.7. If n < w and (N, &) = 11}, -CA, + Z1-AC,, then (N, Z) =
PA(KR, ., ).

PROOF. This follows immediately from Lemma 4.6 and Lemma 1.3. O

The logic #° %, is very expressive. To see an example of this we will consider
what appears to be an even more expressive logic, and then show that it possesses
the same expressibility as #%,. We add to the language a new second-order unary
predicate symbol C. The intended interpretation of the formula C(X) in the model
A" is that X € Class(A"). Now we consider the set #Z€ of formulas which has
the same defining properties as % in Definition 4.1 but with the following
additional properties:

(4) x € X is in H#RC for each first- and second-order variables x and X
respectively.

(5) If ¢ € # R, then both IX(C(X) A ¢) and VX(C(X) — ¢) are in H#RC.

Notice that the parenthetical phrases in (3) and (3*) are now essential.

For n < w, let #RL be the set of those formulas ¢ in HRC without free
second-order variables such that A(¢) < n.

PROPOSITION 4.8. With each formula ¢(it) in #RE, there is effectively associated a
formula ¢ € H#' R, having the same free variables as ¢ such that for any model A~ of
PA, /'E Vi(¢(a) © ¢(7)).

PrOOF. Define ¢ inductively on subformulas; the only step not commuting with
formula formation occurs when ¢ has the form 3X(C(X) A 8) or VX(C(X) — 6).
By duality, we need only consider one of these, so let us consider the first one. Let
x € y be an abbreviation for the formula asserting “the xth element of the finite
sequence of 0’s and 1’s coded by y is a 1,” and let y<z be an abbreviation for the
formula asserting “ the sequence of 0’s and 1’s coded by y is a proper initial segment
of the one coded by z.” Let 6’ be derived from 6 by replacing all negative
occurrences of formulas of the form v € X by QOx € Xv € x and all positive
occurrences by Q*x € Xv € x. Then let ¢ be 3°XQ*x € XQ*y € X(x<y A 8. It
is easily verified that ¢ € # R, and A= Va(¢(#) © ¢(i1)). O

COROLLARY 4.9. Suppose 1 < n < w and /= PA(H'R,). Then (N, Class(AN"))
= A -CA,.
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PROOF. It follows from Corollary 4.5 and Proposition 2.4 that (A", Class(A")) &
ACA,.

Now let ¥(x, y) € A1, and let ¢(x, ) be obtained from ¢ by relativizing all
second-order variables to C. By Proposition 4.8 for any a, b € N, (A", Class(./"))
E Y(a, b) iff /& ¢(a,b) iff /= ¢'(a,b), where ¢'(x, ) € H#XR, is the formula
from Proposition 4.8. Since A= PA(#%,), there is an A € Class(A4") such that
A= {x€N: NE¢(x,b)}. But then also 4 = {x € N: (A, Class(AN")) =
¥(x,b)}, so that (A", Class(A#")) E AXVx(x € X © Y(x,b)). O

COROLLARY 4.10. Suppose 1 < n < w and A= PA(HR,). Then there is X C
Class(A") such that (N, ) = I1!-CA,,.

PRrOOF. This follows from Corollary 4.9 and Theorem 1.5. O

5. Constructing the models. This section contains a proof of the existence of
models of PA(°Z,). We will be able to conclude from Theorem 5.1 and Corollary
4.10 that the first-order consequences of PA(¥Z,) are precisely the same as the
first-order consequences of I1!-CA,.

THEOREM 5.1. Suppose n < w and (M, %) = T1L-CA,, and suppose « is a regular
uncountable cardinal. Then there is a k-like /"= M such that /"= PA(K°R,).

PROOF. Clearly, we can suppose n > 1. We will also assume that n < w. To justify
this last assumption we note that the construction of the model 4" will be done
uniformly in n. Thus, if the original model (#, %) is a model II!-CA, for each
n < w, then the constructed model A will be a model of PA(#°Z,) for each n < w.

Without loss of generality we can suppose that both # and Z are countable, and
by Theorem 1.4 we can assume that (A, %)k [1}-CA, + Z1-AC,. Let &=
{Ay. A}, A5, ...}, and consider the first-order structure /4 * = (M, Ay, Ay, A,,...),
which is a model of PA*. We will use S##* and #%#* to apply to the language of
M*.

Let (1, <) be a «-like linearly ordered set. As in §3, let #/"* be the Ith iterated
canonical end extension of .# *. Recall that associated with this model is a sequence
{0,(v): m < w) of formulas in the language of #"* satisfying (3.A), (3.B), and
(3.C) in §3. Then, it follows from Theorem 2.7 and Lemma 2.8 that

(1) (A, Class(A")) & I1!-CA , + ZL-AC,,.

From Lemmas 1.3 and 4.6 we get

(2) (A, Class(A")) = PA(KFZ,).

Property (3.C) has an important consequence for which some definitions are
useful. It will be necessary to be precise about exactly what the first-order variables
of our logic are. So, to the existing first-order variables x,, x;, x,,... let us add a
supply of fresh first-order variables u, v,, v,, v,,.... A first-order term
T(u, vy, vy, ...,0,_,) in the language of A"*, but with only the displayed variables
occurring freely, will be called a (1 + s)-ferm. Now suppose that A C N, 7(u,v)is a
(1 + s)-term, m < w, and b € N. Then we say that A4 satisfies {(7(b,7), m) if there
is a set G C [N]° of cardinality k such that whenever g, h € G are distinct, then
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either * 7' < g%or g ' <h®% and 4 = {7(b,8%g",...,g*"!): g € G}, and such
that #/"* = 6,,(g’) whenever g € G and i <s. From Lemma 3.6 we obtain the
following:

(3) If A C N is unbounded, then there is an unbounded D € 4, a (1 + r)-term
7(u, v) for some r < w, and an element b € N such that D satisfies {7(b, 0), m) for
each m < w.

We finally note the following obvious fact:

(4) If A € N is unbounded and satisfies (7(b, D), m), then there is an unbounded
B € Class(A") which satisfies (7(b, D), m).

Our object now is to prove the following lemma.

LEMMA 52. Let ¢(xg, X1,...,X,_1) be any formula in H#R* and let
ag.ay,...,0;_1 € N.Then /"* &= ¢(a) iff (N *, Class(A")) E ¢(a).

To see why this lemma will suffice to prove Theorem 5.1, consider some formula
¢(x, y) in X, with the intent of showing that the induction axiom corresponding
to ¢(x, y) holds in A". Let b € N. Then from (2) we see that (A" *, Class(A")) E
AXVx(x € X © ¢(x,b)). Let A € Class(#") witness this sentence. By the lemma,
for each a € N, /"* &= ¢(a, b) iff a € A. But then, since 4 is a class, if #/* E
$(0,b) A Vx(d(x, b) = ¢(x + 1, b)), we get that 4 = N.

Now, to prove the lemma, we will need a definition. Suppose we are given a
(1 + s)-term 7(u,0) and a second-order variable X. To each formula ¢ in #Z2*
which is a subformula of a formula in %}, with X not occurring as a bound
variable in ¢, we will associate a formula ¢, ,. The formula ¢, will have the
following properties:

(5) The free first-order variables of ¢, . will be just those of ¢ together with u.

(6) The free second-order variables of ¢, , will be just those of ¢ except for X.

(7) All quantified second-order variables of ¢ . are relativized to C (see §4).

(8) A(¢x..) < A(¢) (see Definition 1.2).

Simultaneously with defining ¢, , we will also define the natural number
m(o, X, 7).

There is really only one interesting case in the definition. We first dispose of the
uninteresting ones. If ¢ is atomic, then ¢y, = ¢ and m(¢, X,7) =0; (=9), =
~(9x.,) and m(=, X,7) = m(, X, 7); (6 V ¥) x, = bx, V ¥, and

m(e vy, X,r)=max({m(¢, X,7),m(¢y, X,7)});

(3x¢) ., = Ix(dy,) and m(Ixg, X,7) = m(¢, X,7); (Q*x € Y$),, = Q*x €
Y(¢y,) and m(Q*x € Y¢, X, ) = m(¢, X, 7), where X and Y are distinct varia-
bles; (3°Y¢) y, = A°Y(C(Y) A ¢4 ,) and m(3°Ye, X, 1) = m(¢, X, 7). Notice in
this last case that X and Y must be distinct variables.

The interesting case in the definition of ¢, , occurs for formulas of the form
O*x € X¢. Since this formula is in /%, X is the only free second-order variable in
¢. So by (6) above, there are no free second-order variables in ¢y .. From (7), (8),
and (2), there is a first-order formula {(x, y, #) in the language of A#"* such that
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N * EVXVIVu(y © ¢y ). By (1) there is m < w such that

N* = Vuij[Elez‘)(w <vp<v, < -+ <v,_ AN 0,(v;) > ¥ (7(u,b), y,u))

i<s

VEIth')(w <pyg<v; < - <v,_; ANG,(v)— —.\I/(’l‘(u,ﬁ),)—',u))].

i<s
Let m(Q*x € X¢, X, 1) be the least such m, and then set
(Q*x € X¢)X.T

= 3wVa(w <oy <oy < s <oy A A Gu(0) = ¥(r(w,), 5u)).
i<s
It is obvious that if X does not actually occur in ¢, then for any 7, ¢, is just the
relativization of ¢ to C. Thus, we complete the proof of the lemma by proving the
following claim, which was both formulated and proved by Kaufmann.
Claim. Let X be a second-order variable, and

¢(X0, Xl"“’ Xk—l’ xO, xl,...,x,_l, X)

a formula in J##% which is a subformula of a formula in #%,, with X not an
occurring bound in ¢. Let 7(u, ) be a (1 + s)-term, so that ¢y, = ¢ (X, X, u).
Let ay, a,,...,a,_;, b€ N, and A, A,,...,A,_;, B C N, such that B satisfies
((b,5), m(¢, X,7)). Then & * = ¢(4, @, B)iff /'* & ¢y (4, a,b).

The proof of the claim proceeds by induction on ¢. All cases are trivial except
perhaps for the cases in which the formula has form either 3*Y¢ or Q*x € X¢.

Suppose A * = 3°Y$(A4,a, B,Y). By (3) there is an unbounded D C N, a
(1 + g)-term p(u, ), and d € N such that &' * &= ¢(4,a, B, D) and D satisfies
{p(d,v), m) for each m < w. By the inductive hypothesis, #"* = ¢,,'p(A—, a,B,d).
From (4) we get D, € Class(A4") such that D, satisfies (p(d, D), m(¢,Y, p)). Again,
by the inductive hypothesis, 4" * = ¢(4,a, B, D,). Applying the inductive hy-
pothesis one more time yields that A4'* = qu‘,(/T, a, b, Dy). Thus, & * &=
3°Y(C(Y) A ¢x,(4,a,b,Y)), or in other terms, #™* = (3°Y$) (4, @, b, Y).

Conversely, suppose A/ * = (3°Y¢) x‘,(A_, a,b,Y), so that

H*E3°Y(C(Y) A ¢y, (4,3,b,7)).

Thus, there is an unbounded D € Class(A4") such that #/* & ¢x.,(,:f; a,b, D). By
the inductive hypothesis, /" * = ¢(A4, @, B, D), so that &/ * = 3%°Y¢(A4, a, B,Y).

Next, we suppose A * = Q*x € Bo(x, B), where ¢ possibly contains some
undisplayed first-order parameters. Let /(x, «) be a first-order formula such that
A* EVXVu(y & ¢y,). Let d€ N be such that for all a € B, if a > d then
A" * E ¢(a, B). By the inductive hypothesis, for all a € B, if a > d, then S/ * &
¢x..(a, b) or, equivalently, #°* = Y/(a, b). From the definition of

m= m(Q*x € Xo, X,'r),

we see that

N* = Elw\'/z')(w< Vo<vy < .- <v,_; AN, (v) —>\[/(‘r(b,5),b))

i<s
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or

N*E BWVE(W <vp<v, < - <v,_, AN, ()~ ﬂx,b('r(b,ﬁ),b)).

i<s

But since B satisfies (7(b,0), m), the second alternative is impossible. Thus,
N*E(Q*x € X$) x (D).
For the converse, just reverse the previous argument. O

6. Problems. There are some very natural questions which have been left un-
answered in this paper. In this section we mention what seem to be the most
interesting of them.

We constructed natural models of various fragments of true second-order arith-
metic in §2. The method of construction of these models depended upon Theorem
2.5 which relied on there being a certain amount of collection in the model. Are
there methods of constructing natural models which do not require so much
collection? The following is a specific test question.

QUESTION 6.1. Is there a natural model of CA which is not a model of AC?

Very little seems to be known about the relative strengths of the various PA(Q*).
For which s and ¢ are there models of PA(Q*) which are not models of PA(Q")? We
formally state the most extreme versions of this question.

QUESTION 6.2. Is there a model of PA(Q?) which is not a model of PA(Q?) or
even of PA(°%,)?

QUESTION 6.3. Is there a model of PA(Q!'!) which is not a model of some
PA( Ql.l ..... 1 )r)

We do know from Corollary 3.9 that there are models of PA(Q"!) which are not
models of PA(Q?); in fact there is a model of PA(Q'!) which is not k-like. Is there
another approach to getting such models? To be specific, we ask the following
question.

QUESTION 6.4. Is there a model of PA(Q"!) which is not a model of PA(Q?) but
which is k-like for some regular «?

We applied hyper-Ramsey logic only to Peano arithmetic, but we formulated its
definition in Definition 4.1 to be applicable in other situations. For example, we can
in general give the quantifier Q the usual ¥,-interpretation and then ask

QUESTION 6.5. Under appropriate set-theoretic hypotheses, are there compactness
and /or completeness theorems for J# % or any of it fragments #°%,?

Finally we come to what are probably the major questions left unanswered here.
In contrast to the results of [8] concerning PA(Q?), we have been unable to obtain
either the compactness or completeness of PA(J# %) or any of its fragments.

QUESTION 6.6 (Compactness). Suppose 1 < n < w. Is PA(J#Z,) compact? That
is, if PA(¥2R,) C T C # R, and every finite subset of T has a model, then does T
have a model?

QUESTION 6.7 (Completeness). Suppose 1 < n < w. Is the set of sentences 0 € #° 2%,
true in all models of PA(/#Z%,) recursively enumerable?
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